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Abstract We investigated the nonlinear effects of gravity-driven fluid flow through a two-dimensional,
moderately low-porosity, packed bed of stubby stone grains in Darcy, and post Darcy regimes. We focused on
preferential channel formation, tortuosity, spatial distribution of kinetic energy, and vortex formation. We show
that nonlinear effects dominate at relatively high Reynolds numbers, even though the deviation from Darcy's
law is not visible in friction factor measurements. A backward-flow fraction p~ captures the earliest formation
and growth of recirculation zones; the participation number 7 increases monotonically, indicating a progressive
delocalization of kinetic energy; and tortuosity = exhibits a non-monotonous trend—initially flat/slightly
decreasing, then rising in the inertial regime. The apparent permeability decreases with Re. These results explain
why friction-factor-only indicator can obscure the onset of inertial effects in the real porous rocks with moderate
porosity, lower than of those studied previously and identify p~ as an early, robust indicator of recirculation. We
further notice an increased asymmetry of the flow field revealed by vorticity analysis and surprising correlation
between tortuosity and apparent permeability in the inertial flow regime, where the relation &, o 77173 holds.

Plain Language Summary Understanding the mechanisms of variation in the speed and trajectories
of water particles in the pore medium is essential for optimizing water exploitation and contaminant migration in
the aquifer. In most of the water flow models considered, the geometry of the pore medium dictates a relatively
slow, laminar flow. However, at higher water velocities, the fluid flow quickly becomes non-linear. In this
study, we used an artificially prepared sample of pore medium grains and utilized numerical simulations to see
how the flow pattern changes as the driving force increases through this medium following narrow, tortuous
pathways between the grains. We show that, in a porous medium, narrow zones of reverse flow and recirculation
appear very early and grow into a complex network of vortices at higher flow rates. Quantities that describe how
tortuous the flow paths are, how fast the fluid flows through the pore space, and how often the fluid reverses
direction show clear and strong shifts as the flow speeds increase. Meanwhile, the standard friction-based
indicator hardly changes at all. These results provide practical pore-scale indicators of the onset of inertial flow
that can help improve predictions for groundwater management, CO, storage, and hydrocarbon production.

1. Introduction

Fluids, when flowing through porous media, form self-organized, preferential flow channels, which under high
driving forces may be affected by inertial effects emerging at high Reynolds numbers (Andrade Jr et al., 1999;
Matyka & Madrala, 2017; Nissan & Berkowitz, 2018; Sniezek et al., 2024). The dynamic interaction of the
viscous fluid with the microstructure of the porous medium shapes preferential paths (Hyman, 2020). In a low-
porosity medium, the fluid navigates through narrow tortuous pathways that follow the geometry of the pore
space. The channeling effects are enhanced at low Reynolds number conditions, which may hinder the visibility
of inertial effects in experiments (Wang et al., 2019). Understanding the mechanisms governing flow channel-
ization in low-porosity media is essential across various domains including subsurface energy storage, CO,
sequestration, and low-permeability reservoir engineering (Hovorka et al., 2019). Low-porosity porous media are
fundamental to various engineering applications, such as microfluidic device design (Cao et al., 2019), advanced
energy systems (Banerjee & Paul, 2021), high-efficiency filtration technologies (Zhang et al., 2024), and ther-
mally active catalytic reactors (Wang et al., 2014), where constrained pore networks influence transport and
reaction processes.

Traditionally, two models have been used to describe the flow through porous materials. Originally, they were
formulated as empirical laws (Darcy, 1856; Forchheimer, 1901) and were later derived theoretically on the basis
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of upscaling of the solution of the pore-scale fluid flow equations. In the laminar low-velocity regime, the Darcy
law establishes a linear relationship between the forcing term and flow velocity:

u=", )]
u

where U is the superficial velocity, yu is the dynamic viscosity of the fluid, x is the medium's permeability, L is the
domain length, and f the body force (Neuman, 1977; Whitaker, 1986). However, deviations from linearity are
observed as the fluid velocity increases, and the inertial effects become significant. Thus, second-order correction
is often introduced in the form of the Forchheimer equation:

U= gf — ppox2|U|U, ©)
where f is an empirical inertial coefficient (Arbabi & Sahimi, 2024; Basak, 1977; Whitaker, 1996; Zeng &
Grigg, 2006). The onset and strength of inertial transition depend sensitively on both the magnitude and spatial
distribution of medium properties (e.g., porosity), that is, on a particular form of heterogeneity (Fourar
et al., 2005). An increase in the driving forces governs the transition from the linear Darcy regime to the inertial
flow, which comprises many physical phenomena. In particular, as the Reynolds number (Re) increases, local
flow separation is observed with vortex formation and enhanced drag, resulting in the quadratic correction term in
Equation 2 (Whitaker, 1996; Zeng & Grigg, 2006). However, experimental studies have demonstrated that at very
low Reynolds numbers, the flow may deviate from the linear behavior predicted by the Darcy law, commonly
referred to as the pre-Darcy regime, where the pressure—velocity relationship becomes nonlinear even in the
absence of inertial effects (Wang et al., 2019). Numerical simulations further support that the porosity is a
decisive factor in determining the critical transition point to nonlinearity (Arbabi & Sahimi, 2024). For example,
pore-scale simulations of bead-packs, Bentheimer sandstone, and Estaillades carbonate indicate that despite
having similar porosities, heterogeneous rocks such as Estaillades exhibit the onset of inertial flow at Reynolds
numbers two to three orders of magnitude lower than in homogeneous media (Muljadi et al., 2015, 2016). These
differences are attributed to the influence of the pore geometry and the formation of steady vortices that appear
along with changes in the velocity distribution in the pore space.

In a highly porous medium, the fluid gains momentum easily, enabling the early onset of nonlinearity and
pronounced inertial effects (Andrade Jr et al., 1999). However, these observations primarily stem from idealized
or high-porosity systems. Natural porous materials, particularly those with low porosity, exhibit more intricate
geometries of the pore space, where the structural heterogeneity and geometric tortuosity of pores play a dominant
role and lead to vortex formation even at low Reynolds numbers. Our understanding of the low-porous medium is
that it exhibits complex flow paths driven mainly by geometry. They are highly resistant, which weakens the
inertial effects in flow (Arthur, 2020). Thus, the physical mechanism of inertia and transition to nonlinearity is
much more complicated than in a highly porous medium reported in (Andrade Jr et al., 1999; Sniezek et al., 2024).

We aim to investigate real, low-porosity geological rock sample to understand better the transition from a linear to
a nonlinear regime with increasing Reynolds number. In subsurface hydrology, porosities ¢ ~ 0.2—0.3 are
common; our sample has ¢ = 0.249. To avoid confusion with the higher porosities (¢p > 0.4) often used in
artificially created samples (Andrade Jr et al., 1999; Sniezek et al., 2024) and in many geological application
(Ghanbarian et al., 2023; Li et al., 2022; Lonartz et al., 2023), we refer to our sample as natural porous media. We
explore how nonlinearity emerges in a complex, natural porous media. We numerically quantify and characterize
these effects using detailed pore-scale simulations. Our results indicate that in the complex geological rock
samples, the transition to inertial flows occurs via a distinct mechanism visible as a change in tortuosity and the
early formation of vortical structures that evolve with inertial forces and change the structure, dispersion, and
shape of preferential flow channels.

2. Methods

The reliability and accuracy of numerical simulations of the flow in porous media largely depend on the accuracy
of the representation of the geometry of the actual granular medium. The size of the grains, their roughness, and
the degree to which they fill the spaces in the rock directly affect the permeability of the rock and tortuosity of the
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Figure 1. The slice of the intact clastic rock sample filled with synthetic resin

(the photo of cross-sectional plane).

pore channels. A sample of intact clastic rock was taken during the field
drilling operations. The pores of the sample were then filled with synthetic
resin using a very slow process. Once the resin had hardened, thin slices of
clastic rock were prepared from the cylindrical sample, representing different
rock cross-sectional planes, and regular, high-resolution photos were taken
(see Figure 1). Then, the two-dimensional pore map was extracted from a
2,794 % 3,999 resolution image with porosity ¢ = 0.249.

For segmentation, we used image processing and created a binary map of pore
space and obstacles using a scikit-image library (van der Walt et al., 2014),
extracted clusters of grains using scikit-learn (Pedregosa et al., 2011), and
Scipy (Virtanen et al., 2020). The clusters were then triangulated with Pyvista
(Sullivan & Kaszynski, 2019) to produce geometry in STL format, which
served as input for creating a computational domain that was discretized using
the cfMesh utility (Jureti¢, 2015). Our approach generates a structured hex-
ahedral mesh with local refinements in specific regions near the boundaries to
increase accuracy.

The steady-state incompressible Navier-Stokes equations governed the fluid
flow through the sample, and we solved them at the pore-scale level:

V.u=0, p(u-Vu)=—-Vp+uViu+f, 3)

where u is the velocity field, p is the pressure, p[kg/ m3] is the fluid density, p[Pa - s] is the dynamic viscosity, and
f is the body force. Note that the imposed body force f is equivalent to a constant pressure gradient via Vp = —f,
which enforces a uniform driving force in the periodic domain and recovers Equation 1), (Fattahi et al., 2016;
Matyka et al., 2008; Sivanesapillai et al., 2014). Weusedp = landu = 2- 107, We adopt the index notation for
the components of vectors, namely, u = [u,u,], where index 1 corresponds to the horizontal component and
index 2 corresponds to the vertical component. The computational domain was periodic in the streamwise
(vertical) direction. It was created by mirroring the original sample to ensure continuity of the velocity and
pressure fields across the domain and omitting the boundary effects known from channel experiments (Ko
etal., 2023; Koponen et al., 1997). We solved Equation 3 in the entire domain, while the post-processing was done
for various parameters in the original sample only.

The results were obtained using the standard finite-volume method implemented in OpenFOAMyv. 2212 (Jasak
et al., 2007). We used the steady-state simpleFoam solver, which utilizes pressure-velocity coupling and the
Semi-Implicit Method for Pressure-Linked Equations (SIMPLE) algorithm (Patankar, 1980). Numerical steady-
state solutions were obtained by ensuring all the residuals below 1075, Simulations were conducted in parallel on
a 6-core processor using OpenMPI. To ensure numerical stability and convergence, we set the pressure under-
relaxation to 0.6 and the velocity under-relaxation to 0.9, following established practices that offer a good
trade-off between stability and solution accuracy (Jasak et al., 2007).

3. Results

The pore space is filled with fluid and subjected to an external body force to drive the flow. The force f starts from
an extremely low value f = (0, —2 x 107"9) [kg/m? s?| and increases, which results in changes in the Rey-
nolds number, which is defined as Re = |U|-L/v, where L is the width of the sample and U is the superficial
velocity (Equation 1) and v is the kinematic viscosity. Alongside of Re, we propose a pore-scale Reynolds number
(Zeng & Grigg, 2006) Re, = |U| £/v, where ¢), = % [m] is a hydraulic length computed from the segmented

pore map (with pore area A = 1.54634 x 107, solid—fluid interfacial length # o = 1.18939 x 10, consistent
with computational units). For this fixed geometry, Re = a Re, with @ = L/¢), = 53.7 constant with
L = 2794 [m], so all trends versus Re have an equivalent representation versus Re,. The maximum Re was set to
103. Although local velocities in the narrow channels may yield a higher local Re, all SIMPLE runs remained
numerically stable. The resulting velocity fields at two selected Reynolds numbers are shown in Figure 2. These
results demonstrate the formation of a preferential channel at low Reynolds numbers (Figure 2, left), primarily
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Figure 3. Mean values of Aw—the sum of the absolute difference in vorticity p(lul)

x10°

Figure 2. The magnitude of the pore-space velocity field at Re = 0.03 (left) and Re = 9.62 (right). The arrow indicates the
direction of the body force driving the flow.

governed by viscous forces and increased momentum dispersion in high-Reynolds-flow (Figure 2, right),
resulting in dispersed preferential channels where the maximum velocities are almost four orders of magnitude
higher. A closer look at the flow field reveals that the vortex formation process is visible in the velocity field
structure.

Next, we quantified the asymmetry in the velocity field by investigating the vorticity (w = % - ‘%1) field over

the entire computational domain (see Figure 3), which is divided into an upper (main) domain and its corre-
sponding mirrored (buffer) domain. We compared the vorticity magnitudes at the corresponding nodes between
these two regions. We defined the origin of the coordinate system at the bottom of the original sample. For each
node x; = (xj, yj) in the upper (original) domain, we identified its mirror node x| = (xj,ZH - yj) in the lower
(mirror) domain, where H is the size of one-half of the domain along the streamwise direction. Then, we
calculated the sum of the absolute difference in vorticity magnitudes as

N
Ao =Y |lox)] — lox))||  with X1, = Qu, (4)
j=1

where Q; denotes the set of nodes in the upper domain. As shown in Figure 3,

Aw remained low at low Reynolds numbers, indicating that the flow remained

10 ©

symmetric in the Darcy regime. However, as the Reynolds number increases,
the asymmetry of the flow field increases rapidly due to inertial effects. The

%0

& ] main plot illustrates this transition, while the log-log inset confirms that the
° asymmetry grows monotonically across the entire range of Reynolds
e® | numbers, with a pronounced increase at relatively high Reynolds numbers.

gfeéb @) @) This increase in asymmetry highlights the emergence of complex flow

© structures. This suggests that factors other than pore geometry (symmetric in
our case) play a crucial role in channel formation at high Re values.

100

o
ccmmps o oo O

10! 10° 10° To assess the influence of inertia on the structure and its correlation with the
asymmetry of the flow, we computed the friction factor (Andrade Jr
et al., 1999) as follows:

1071

100

”'1'(')1 102 108
Re
fL
(%)

magnitude between the upper and lower halves of the domain—plotted
versus Re, with vertical bars showing the full min-max range at each Re. The In a highly porous medium, the friction factor shows an apparent deviation at

inset presents the same data on a log—log scale and highlights three regimes:
(a) the power law (Aw  Re?), (b) slightly faster-than-exponential growth, and

(c) a rapid “explosive” increase.

high velocities (Andrade Jr et al., 1999; Sniezek et al., 2024) and indicates a
transition from Darcy to nonlinear Forchheimer flows, where inertial forces
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O Simulations :
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10 —— Darcy fit

100

10° -
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10*
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---- Full log fit

10" 10?

108

1071 100 10! 102 10°

Figure 4. Generalized friction factor F versus log,, (Re), showing simulation data and a linear fit to the first four data points
(solid line). The dashed line (inset) illustrates the full-range log-log fit.

become significant. However, in our simulations, this transition was not immediately evident (Figure 4). This is
due to the low porosity and the dominant effect of the pore geometry guiding the flow through the system. We
noticed that, if the numerical fit of Darcy, Equation 1 is taken over all data points, the friction factor follows the fit
for the entire range of Reynolds numbers (see inset in Figure 4). Therefore, the flow at the highest Reynolds
numbers may be mistakenly considered to lie in the Darcy regime.

To quantify the inertial effects visible in the velocity fields, as shown in Figure 2, we analyzed flow tortuosity =

(ul)
) ©
where (u, ) is the average streamwise velocity component and {|u|) is the average magnitude of the velocity. The
notion of tortuosity was originally formulated based on purely geometrical factors like the length of the velocity
field streamlines (Carman, 1997). Later, it was noted (Koponen et al., 1996) and formally proven (Duda
et al., 2011) that in the absence of recirculation zones, the definition from Equation 6 is equivalent to taking the
average of the normalized length of the streamlines weighted by each streamline's flux (Matyka et al., 2008). In
our other work (Sniezek et al., 2024) we used the definition from Equation 6 to quantify inertial effects in
extremely high-porosity samples, and our further efforts are devoted to the deeper understanding of the behavior
of this definition in flows with recirculation (Strzelczyk et al., 2025).

Our results (Figure 5) indicate that the tortuosity remains constant at low Re
and exhibits a relatively small decrease (see inset of Figure 5), reaching a

2.4 [16400
1.6375
1.6350
2.2 _
1.6325
1.6300 -
1.6275
So0t
1.6250

1.6225

minimum around Re = 30. This observation is consistent with our previously
o reported results for 3D, highly porous media (Sniezek et al., 2024), where
such a decrease in tortuosity is also noticeable. However, above this mini-
o o | mum, 7 increases with Re, which has not been observed before. The non-
monotonous rise of 7 with Re suggests that the two competing mechanisms

o ] influence the tortuosity as the Reynolds number increases, and their relative
o) importance depends on factors such as the flow speed, porosity, and geo-
° © metric characteristics of the porous structure.

£ 1.6200 T
1.8 -

(¢]

107 ] To understand the mechanism of the tortuosity changes, we investigated the
o fluid's kinetic energy distribution in the pore space. We calculated the

a0 O O J participation number x, which quantifies the localization of kinetic energy

107t 100

Figure 5. The tortuosity 7 calculated using Equation 6 with increasing Re.
The inset shows the first 14 data points, excluding the minimum Re.

10! 102 103 distribution (Andrade Jr et al., 1999). It is defined as:

. -1
= (Vz q,.ZV,-> , @)
=
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0.065 - T T é) ] where V; is the volume of the i-th cell, and ¢; = —Z;:e,-v, with e¢; « ”12
0.060 1 (Andrade Jr et al., 1999). The relationship between participation number and
0.055 1 o | the Reynolds number is shown in Figure 6.
0.050 | o | At low Reynolds numbers, © remains low and nearly constant, indicating the
& o concentration of kinetic energy in a small fraction of pores and that we are
0.045 1 © 1 in the Darcy regime. This is consistent with the visual inspection of the
0.040 - o ] velocity field shown in Figure 2, where at a low Reynolds number, the flow
is primarily through a single channel that emerges in the system. We find
0.035 o ° 1 that © increases monotonically with Re, indicating that kinetic energy be-
0.030F o caamoo O © 1 comes more uniformly distributed across the pore space as inertial effects
T e T R increase. This increase indicates that at high Re, the velocities outside the
Re main channels and existing vortical cores increase even faster than those
within them, revealing the formation of new flow pathways and a broader
Figure 6. The growth of participation number x with Re. redistribution of kinetic energy. This behavior sheds more light on the
tortuosity behavior shown in Figure 5, where the rapid rise may now be
associated with an increasing number of vortices in the flow and the definition of tortuosity that was used. It is
also notable that our results in the highly nonlinear regime, show © « 7, which may be interesting to investigate
in the future.
The steep rise in 7 is related to the reduction in preferential channeling accompanied by the emergence of vortices
and flow recirculation zones in the pore space. To show this, we computed the parameter p~ (see Figure 7),
introduced by us in (Sniezek et al., 2024), which quantifies the volume fraction of the pore-space containing
negative streamwise velocity. It is defined as:
1 n
=y Z:,f(uz,i) Vis ®)
i=
where u, ;(r) is the streamwise velocity component, and V; represents the volume of i-th cell. The function f(u,) is
an indicator function defined as
1, u, <0 9
1) 0, otherwise. ©)
As shown in Figure 7, at low Reynolds numbers, p~ is not zero and is constant (p~ = 0.24), indicating the
presence of flow reversal in the Darcy regime. We investigated this phenomenon (see Figures 8 and 9). We
noticed that this occurs because of the combined effect of a small fraction of vortices appearing at the lowest Re
and the dominant geometry-driven backward flow. In contrast, p~ investigated in a highly porous system (Sniezek
et al., 2024) was nearly O at a low Re.
The increase of p~ starts at about Re = 3 (see the inset of the left subplot of Figure 7) and coincides with the
beginning of the decrease of 7 in Figure 5. This indicates that the main mechanism behind the initial fall down of
the currently studied tortuosity might be the growth of the recirculation zones
B ° in volume. As Re increases further, p~ rises rapidly around Re =~ 10, earlier
0351 50 Lo L, ool than the rise in 7 is observed. The rise of p~ is non-monotonic, with local
| o5 Sl oo o extrema visible for example, at Re ~ 400. This fact, as well as the overall
2 0.30 T o ol o o shape of p~(Re) relation is compliant with the observations made in (Arbabi
R ° Oo & Sahimi, 2024) concerning the volume of the recirculation zones (compare
0.25] o crmmoo the right subplot of Figures 7 and 9 in Arbabi & Sahimi, 2024). It suggests

0 200 400 600 800

Re that in the studied sample numerous local reorganizations of velocity field

take place at higher Re.

Figure 7. p~ versus Re. All the plots show the same data. The left subplot is

the lin-log plot in the whole range of Re, its inset shows the magnification of
Re < 13 range. The right subplot uses linear scales on both axes.

Our analysis of p~ (Figure 7) suggest that vortices appear earlier than sig-
nificant changes in tortuosity and before a substantial increase in the energy
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(a) (b)

Figure 8. The maps of f(u;) (Equation 9) for (a) Re = 0.03, and (b) Re = 940.94. Red (dark in grayscale) indicates
f(up) = 1, whereas blue (light in grayscale) indicates f(u,) = 0. The white frame in each plot indicates the areas shown at
the magnification in Figure 8.

distribution. To understand this and describe the physical mechanism behind the p~ increase, we visualized the
spatial map distribution of the backward-flow indicator f(u,). This highlights the regions of reverse flow within
the pore space (Figure 8, and zoomed regions in Figure 9 for two representative Reynolds numbers). Surprisingly,
at a low Reynolds number (Re = 0.03), isolated flow pockets of non-zero p~ appear and confirm the presence of

Figure 9. The magnification of particular regions of the maps of f(u,) (Equation 9) as shown in Figure 8. Vectors represent
the local direction of the velocity field. For clarity, vectors close to the solid boundaries are omitted.
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LoFg T oo )
o reverse-flow regions shrank in favor of the dominant vortex component

backward flow and localized vortices. As the Reynolds number increased, the

o (Figure 8, right panel), forming numerous neighboring recirculation zones.
0.8} o 1 For a relatively high Re = 940.94, a complex and widely dispersed vortex
structure system was visible throughout the entire pore space. The extensive,
more dispersed backward flow regions, now in high Re, visible primarily as
vortices, correlate with the sharp rise in p~ observed in Figure 7, as well as the

K;(lpp
(=)
[=2]

increasing trends in 7 and ¢.

0.4+t [e) 1 To quantify this, we fitted the power law K, o 77 and found b ~ 1/3 (see
@) Figure 11). This behavior aligns with the results of the impact of tortuosity on

® permeability in the flow observed in the Darcy regime for systems of varying

1071 100 10! 102 103 porosities reported previously (Koponen et al., 1997). Intriguingly, in the
Re inertial regime, the appearance of vortices accelerates the flow in narrower,

more tortuous channels, effectively accelerating the macroscopic flow by
Figure 10. The normalized apparent permeability k,,, versus Re. . . .
PP reducing shear stresses along the pore walls. However, this process still leads

to a net decrease in apparent permeability (see Figure 10).

4. Conclusions

We have shown that natural porous media at relatively low-porosity exhibit a different transition mechanism from
alow Reynolds number (Darcy flow) to a high Reynolds number (non-Darcy flow) if compared to a highly porous
medium (Sniezek et al., 2024). By studying the spatial structure of the velocity in pore-space we found that the
complex structures of the pore geometry led to the emergence of vortices even at low Reynolds numbers.
Moreover, the deeper study of p~ indicates the backward flow induced by geometry. To understand this, we
investigated tortuosity and observed its non-monotonic growth. We associate this with two physical mechanisms:
straightening the flow streamlines due to increased momentum localized in the channels with a more dispersed
flow structure in general (lowering 7), and the appearance of vortices (increasing 7). We found, that pore-scale
indicators—p~, 7, and & capture the onset and evolution of inertia even when the generalized friction factor
remains nearly linear. Our study shows, that increase in tortuosity, driven by inertial effects in the flow results in
apparent permeability drop. Finally, we compared the tortuosity with the apparent permeability and determined
the power law k,,, &z~/3 that holds in the inertial regime.

4% 100 O  Simulations -

Inertial regime — Fitted curve

3 x 100t 1
Re =940.94

~
2 % 10°

10°

10°
Rapp

Figure 11. Correlation between tortuosity = and the apparent permeability k,,, measured in the flow. The numerical fit of the

app
power law relation was taken in the inertial regime and drawn as a solid line. The dashed lines guide the eye to distinguish the

inertial regime of the flow roughly.
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